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Introduction: Problem

Dimensionality reduction with PCA is achieved by projecting data points on the first
PC vectors.

This embeds the data in the PCA coordinate system.

PCA is a linear method.

PC 1 (93.6%)
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Introduction: Data with nonlinear shape

Data points can be organized in non-linear ways.

The underlying shape or embedding created by the data points can be curved or
folded.

HE 1O .~

Original 2D data. Linear 3D Nonlinear 3D
embedding. embedding.
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Introduction: PCA fails on non-linear data

PCA can only model linearly ,“
embedded data.

This means that the data has to o

be lying on a flat plane.

(But the plane can have more
dimensions than two.)

It will fail to represent non-linear
data.

PC 2 (4.1%)

PC 2 (21.5%)

PC 1 (95.9%) PC 1 (75.9%)
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Introduction: Manifolds in physics

In physics and mathematics a
manifold defines a topological space
embedded in a higher dimension.

A 2D manifold is simply a surface.
Can be flat (linear) or curved and

folded (non-linear).

~—\

Gravity bends space.

A crumbled paper is a 2D manifold in 3D space.
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Introduction: Locally flat

A manifold will look flat where you stand.

Manifold learning attempts to find this flat embedding.

Unfolding

3D surface

of earth on

2D plane
%

The earth is not flat. But to us on the surface it looks like it.
The unfolding distorts the surface, making the poles look much larger than they really
are.
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Introduction: Manifold analysis of biomedical data

Visualization of very high dimensional data, e.g. transcriptomics, proteomics etc.

Image analysis and modeling, e.g. respiratory motion.

ey weusorocs

1

https://doi.org/10.1038/s41467-019-13056-x

https://doi.org/10.1016/j.media.2016.06.005

Non-neurons
L5PT
KNN: 0.27

KNC:0.70
CPD: 0.37


https://doi.org/10.1038/s41467-019-13056-x
https://doi.org/10.1016/j.media.2016.06.005
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Introduction: Manifold learning methods

Find mapping such that points close in original
data are close after mapping. (Locally flat.) P ————

Will look at several methods that can be
divided into two families.

1 for further details

Isomap Embedding

M DS pectralEnbeddiny g fo r dimensionality reduction.

r Embedding
Isomap T T
Spectral methods e ——————

Eigenmap agorn
L L E pectra Project the sample on the first ei f the graph

t-SNE L )
Optimization (Gradient descent)

UMAP https://scikit-1learn.org/stable/api/sklearn.manifold.html

Indicate to what extent the local structure is retained.

https://umap-learn.readthedocs.io/en/latest/


https://scikit-learn.org/stable/api/sklearn.manifold.html
https://umap-learn.readthedocs.io/en/latest/
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Introduction: Toy datasets

First set of methods illustrated using

"Hello" .
toy data. Linear 2D embedded in 3D. Curved 1D empedded in 2D.
Hello (Flat) e >
Should recover the 2D letters in Hello. .‘ c“"t’ 4

v R
Hello (S-shaped) o r_“. P
1 &
Should recover the 2D letters in Hello. a.‘_‘..". R
Spiral S-shaped "Hello" "Swiss roll"
Curved 2D embedded in 3D. Curved 2D embedded in 3D.

Should recover the 1D line going from
blue to red.

Swiss roll
Should recover the 2D sheet going
from blue to red.
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Multidimensional scaling (MDS)

Multidimensional scaling (MDS)
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Multidimensional scaling (MDS): Distance matrix

Finds a manifold embedding while minimizing a strain between data points.

Fully connected distance matrix.
Every point is connected to all other points.

Data points Distance matrix
(100 points) Dense connections (100x100 matrix)

Conclusion
000
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Multidimensional scaling (MDS): Eigenvalue problem

1| def fit_transform(
2 self,
3 X: np.ndarray,
4|) -> None:
D|Stance matriX D 5 # Pairwise distance between all points
6 D = sklearn.metrics.pairwise_distances (X)
7 D2 = o (@, 2)
2. Double center the D. 5 Pl
9 # Apply double centering
10 N = D.shape [0]
11 J = np.ones(D.shape, dtype=np.float64)
1 1 12 I = np.eye(N, dtype=np.float64)
B:_chC’ C:l_*.j 13 C=1- (1.0/N) * J
14 B=-0.5xC@D2e@ecC
2 N .
16 # Eigendecomposition
3. Decompose into eigenvectors V' and 17 e, V = mp.linalg.eigh(B)
. 18 e = np.flip(e)
e|genva|ues e 19 V = np.flip(V, axis=1)
20 V = V[:, O:self._n_dimensions]
H . - . H H 21 e = e[0:self._n_dimensions]
4. Embedding Y in first M dimensions is 3, o o np.sart(a)
N 23
deflned by 24 # Calculate low dimension embedding Y
25 Y = np.zeros(V.shape, dtype=np.float64)
Y {\/7‘/ \/7\/ } 26 for i in range(self._n_dimensions):
= e Vi, - e 27 Y[:,i] = el[i]l * V[:,i]
’ ! MYMm 28 return Y
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Multidimensional scaling (MDS): Example (linear)

CLONOUEWNH

-

import numpy as np

import matplotlib.pyplot as plt
from matplotlib import gridspec
from sklearn.manifold import MDS
# Create data and project into 3D

N = 1000
X, y = make_hello(n_samples=N, rseed=0)
colorize = dict(c=X[:,0],
cmap=plt.get_cmap (’rainbow’, 5))
X = random_projection_to_higher_dimension(X, 3,
rseed=0)

# Fit MDS, transform from 3D to 2D
mds = MDS(n_components=2)
X_mds = mds.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter (X[:,0], X[:,1], X[:,2],

marker=’o’, **colorize)
axl.scatter(X_mds[:,0], X_mds[:,1],
marker=’o0’, **colorize)

#plt.show ()

24

g’
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Multidimensional scaling (MDS): Example (S-shape)

Because MDS preserves all distances it
can’t untangle non-linear data.

Similarly to PCA it is limited to linear data
which it can recover, disregarding
orientation.
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Multidimensional scaling (MDS): Example (roll)

©0O~NOU A WN -

import numpy as np
import matplotlib.pyplot as plt
from matplotlib import gridspec
from sklearn.manifold import MDS
from sklearn.datasets import make_swiss_roll
# Create data and project into 3D
N = 2000
X, y = make_swiss_roll(n_samples=N,
noise=0.1,
random_state=0)
colorize = dict(c=y,
cmap=plt.get_cmap (’turbo’))
# Fit MDS, transform from 3D to 2D
mds = MDS(n_components=2)
X_mds = mds.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter (X[:,0], X[:,1], X[:,2],

marker=’o0’, **colorize)
axl.scatter(X_mds[:,0], X_mds[:,1],
marker=’0’, **colorize)

#plt.show ()

tSNE
00000000

UMAP
0000000000

Conclusion
000
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Isomap: Nearest neighbor distance matrix

Finds a manifold embedding while minimizing a strain between data points same as
for MDS.

Only connect points to their nearest neighbors.

We want the manifold to preserve local structure!

Data points Connect to k=10 Distance matrix

(100 points) nearest neighbors (100x100 matrix)
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Isomap: Geodesic distance

Distances between non-connected
points are now computed by finding
their shortest pairwise distances on the
graph.

This approximates their geodesic
distance.

A geodesic is the shortest path in a
curved space, i.e. on a manifold.

https://brickisland.net/ddg-web/


https://brickisland.net/ddg-web/
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Isomap: Geodesic matrix

The zeros in the distance matrix, D are filled in by traversing the connections to find
the geodesic distances and create geodesic matrix G. (Floyd-Warshall algorithm)

00 06 07 00 0.0 0.0
06 00 04 00 0.0 0.0
07 04 00 06 0.0 0.0

P=1o00 00 06 00 05 07
00 00 00 05 0.0 05
00 00 00 07 05 0.0
00 04 05 18 35 43
1| # For the zero entries in the distance matrix, 0.4 0.0 0.2 1.2 25 32
2| # compute estimates of the geodesic distances . : : . . .
3| # between pairs of points by computing G, = 0.5 0.2 0.0 0.4 13 1.8
4| # distances on the graph with weights 2= 1.8 1.2 04 0.0 03 05
5[ # according to the Euclidean distances.
6| G = scipy.sparse.csgraph.floyd_warshall (D) 35 25 13 03 00 03
7| G2 = np.power (G, 2) 43 32 18 05 03 0.0
8| G2 = np.maximum(G2, G2.T)
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Isomap: Geodesic matrix vs MDS distance matrix

Data points Distance matrix
(100 points) Dense connections (100100 matrix)

MDS:

Data points Connect to k=10 Geodesic distance matrix
(100 points) nearest neighbors (100x100 matrix)

Isomap:
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Isomap: Eigenvalue problem

1. Sparse distance matrix D Same eigenvalue problem as for MDS
2. Squared geodesic matrix G, but swap D for Gy!
3. Double center the G;.

1 1
B=—-CG,C C=1/——
2 2 N

4. Decompose into eigenvectors V' and %
eigenvalues e
5. Embedding Y in first M dimensions is
defined by
]

Y={VaVWi, -, VemVum}
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Isomap: Example (linear)

CLONOUIAWN

-

Comparison
00000

import numpy as np
import matplotlib.pyplot as plt
from matplotlib import gridspec
from sklearn.manifold import Isomap
# Create data and project into 3D
N = 1000
X, y = make_hello(n_samples=N, rseed=0)
colorize = dict(c=X[:,0],
cmap=plt.get_cmap (’rainbow’, 5))
X = random_projection_to_higher_dimension(X, 3,
rseed=0)
# Fit Isomap, transform from 3D to 2D
iso = Isomap(n_components=2,
n_neighbors=75,
eigen_solver=’dense’)

X_iso = iso.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter (X[:,0], X[:,1], X[:,2],

marker=’0’, **colorize)
axl.scatter(X_iso[:,0], X_isol[:,1],
marker=’o0’, **colorize)

#plt.show ()

Real world

0000

tSNE UMAP
00000000 0000000000

] o4

e
-

Conclusion
000
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Isomap: Example (S-shape)

Because Isomap preserves local distances
non-linear data can be untangled!




Introduction MDS Isomap Eigenmap LLE
000000000 000000 00000000e 0000000 00000

Isomap: Example (roll)

© O~ WN -

20

22
23
24
25
26
27
28
29

Comparison
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import numpy as np

import matplotlib.pyplot as plt

from matplotlib import gridspec

from sklearn.manifold import Isomap

from sklearn.datasets import make_swiss_roll
# Create data and project into 3D

N = 2000

X, y = make_swiss_roll(n_samples=N,
noise=0.1,
random_state=0)

colorize = dict(c=y,

cmap=plt.get_cmap (’turbo’))
# Fit Isomap, transform from 3D to 2D
iso = Isomap(n_components=2,
n_neighbors=10,
eigen_solver=’dense’)

X_iso = iso.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter(X[:,0], X[:,1], X[:,2],

marker=’o0’, #**colorize)
axl.scatter(X_iso[:,0], X_isol[:,1],
marker=’o0’, **colorize)

#plt.show ()

Real world
0000

tSNE
00000000

UMAP
0000000000

Conclusion
000



Laplacian eigenmap
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Laplacian eigenmap: Nearest neighbor adjacency matrix

Only connect points to their neighbors.
Discard distance, keep only
connections. 0 : Points are not connected

1 : Points are connected

Data points Connect to k=10 Adjacency matrix
(100 points) nearest neighbors (100x100 matrix)

Conclusion
000
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Laplacian eigenmap: Adjacency matrix
Connect the k=2 nearest points.

00 06 07 13 17 20

06 00 04 07 1.0 14

07 04 00 06 11 13

P=113 07 06 00 05 07
1.7 10 11 05 0.0 05
20 14 13 07 05 0.0
0 1 1 0 O O
1 01 0 0 O
Aa_]0 1 0100
o 0o 1 0 1 0
0O 0 0 1 0 1
1| N = X.sh [o]
2| A0 = n;.zzios((l\l, N), dtype=np.floaté4) 0 0 0 1 1 O
3| for i in range(N):
4 x_i = X[i, :] 0 1 1 0 0 O
5 distances = np.linalg.norm(X - x_i, axis
e 10100 0
6 indices = np.argsort(distances) 1 1.0 1 0 O
7 indices = indices[1:k + 1] A= 0O 0 1 0 1 1
8 AO[i, indi 1 =1
9| # Symmeiri;: ;;Zsmatrix 0 0 0 1 0 1
10| A = np.maximum (A0, AO.T) 0 0 0 1 1 0




Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion
000000000 000000 000000000 000@000 00000 00000 0000 00000000 0000000000 000

Laplacian eigenmap: Degree matrix

Degree matrix H describes how many connections a data point have. The matrix is
diagonal.

coor RO
coorROR
cCOoOrROKRR
—HHOROO
—~OrROOO
O mHOOO
coooconN
coooNO
coowoo
cowooo
onvOoOOoOOO
NOOoOOoOOoO

Graph Laplacian operator is defines as L = H — A.

Normalized graph Laplacian for this eigenvalue problem defined as
1

L=H3(H-A)H2
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Laplacian eigenmap: Eigenvalue problem

1. Distance matrix D
2. Degree matrix H.

3. Normalized graph Laplacian
L=H3(H-A)H2

4. Decompose into eigenvectors V' and oo
eigenvalues e %
5. Ignore the first eigenvector since
eigenvalue is always 0. Embedding Y
in first M dimensions is defined by

|

Y ={VeVs, -, VemiiVms1}
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Laplacian eigenmap: Example (linear)

CLONOUIAWN

-

17
18
19

21
22

24
25
26

import numpy as np
import matplotlib.pyplot as plt
from matplotlib import gridspec
from sklearn.manifold import SpectralEmbedding
# Create data and project into 3D
N = 1000
X, y = make_hello(n_samples=N, rseed=0)
colorize = dict(c=X[:,0],
cmap=plt.get_cmap (’rainbow’, 5))
X = random_projection_to_higher_dimension(X, 3,
rseed=0)
# Fit Isomap, transform from 3D to 2D
lap = SpectralEmbedding(n_components=2,
n_neighbors=75)
X_lap = lap.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter (X[:,0], X[:,1], X[:,2],

marker=’o0’, **colorize)
axl.scatter (X_lap[:,0], X_lapl[:,1],
marker=’o0’, **colorize)

#plt.show ()

Real world
0000

tSNE
00000000

UMAP
0000000000

Conclusion
000
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Laplacian eigenmap: Example (roll)

O~NOUIAWN R

Comparison
00000

import numpy as np

import matplotlib.pyplot as plt

from matplotlib import gridspec

from sklearn.manifold import SpectralEmbedding
from sklearn.datasets import make_swiss_roll

# Create data and project into 3D

N = 2000

X, y = make_swiss_roll(n_samples=N,
noise=0.1,
random_state=0)

colorize = dict(c=y,

cmap=plt.get_cmap (’turbo’))
# Fit Spec., transform from 3D to 2D
lap = SpectralEmbedding(n_components=2,
n_neighbors=40)
X_lap = lap.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter(X[:,0], X[:,1], X[:,2],

marker=’o0’, **colorize)
axl.scatter(X_lap[:,0], X_lapl[:,1],
marker=’o0’, **xcolorize)

#plt.show ()

Real world
0000

tSNE
00000000

UMAP
0000000000

Conclusion
000
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Locally linear embedding (LLE)

Locally linear embedding (LLE)
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Locally linear embedding (LLE): Eigenvalue problem

Optimize a weight matrix W that
reconstructs a data point from a weighted
sum of its neighbors.

1. Weight matrix W

2. Reconstruction matrix

K= (- W)T(l-W) cc
3. Decompose into eigenvectors V' and %
eigenvalues e
4. Embedding Y in first M dimensions is ﬂ
defined by

_____________________________________|

Y = {VaVi, -, vemVu}
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Locally linear embedding (LLE): Example (linear)

CLONOUIAWN

-

import numpy as np
import matplotlib.pyplot as plt
from matplotlib import gridspec
from sklearn.manifold import LocallyLinearEmbedding
# Create data and project into 3D
N = 1000
X, y = make_hello(n_samples=N, rseed=0)
colorize = dict(c=X[:,0],
cmap=plt.get_cmap (’rainbow’, 5))
X = random_projection_to_higher_dimension(X, 3,
rseed=0)
# Fit LLE, transform from 3D to 2D
lle = LocallyLinearEmbedding(n_components=2,
n_neighbors=75,
method=’modified’)
X_1lle = 1lle.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter (X[:,0], X[:,1], X[:,2],

marker=’o0’, **colorize)
axl.scatter(X_1le[:,0], X_llel[:,1],
marker=’o0’, **colorize)

#plt.show ()

J
E

Conclusion
000
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Locally linear embedding (LLE): Example (S-shape)

Because LLE preserves local distances
non-linear data can be untangled!
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Locally linear embedding (LLE): Example (roll)

© O~ WN -

20

22
23
24
25
26
27
28
29

import numpy as np

import matplotlib.pyplot as plt

from matplotlib import gridspec

from sklearn.manifold import LocallyLinearEmbedding
from sklearn.datasets import make_swiss_roll

# Create data and project into 3D

N = 2000

X, y = make_swiss_roll(n_samples=N,
noise=0.1,
random_state=0)

colorize = dict(c=y,

cmap=plt.get_cmap (’turbo’))
# Fit Spec., transform from 3D to 2D
lle = LocallyLinearEmbedding (n_components=2,
n_neighbors=10,
method=’modified’)
X_lle = lle.fit_transform(X)

# Plot

fig = plt.figure(figsize=1.0 * plt.figaspect
(2.0/1.0))

gs = gridspec.GridSpec(nrows=2, ncols=1,

height_ratios=[1.5, 1])
# First subplot
ax0 = fig.add_subplot(gs[0], projection=’3d’)
axl = fig.add_subplot(gs[1])
ax0.scatter(X[:,0], X[:,1], X[:,2],

marker=’o0’, **colorize)
axl.scatter(X_lle[:,0], X_llel[:,1],
marker=’o0’, **colorize)

#plt.show ()

tSNE
00000000

UMAP
0000000000

Conclusion
000
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Comparison: Eigenvalue problems

All methods so far have been based on eigen decomposition of some connection
matrix.

Methods are linear but the embeddings are non-linear.

MDS Laplacian eigenmap
B=-Lcpc L=HZ(H-AH=
Isomap Locally linear embedding

B=-1CGC K=(-W)T(l-W)
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Comparison: Results

Data PCA MDS Isomap Laplacian eigenmap LLE
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Comparison: Manifold learning vs PCA

ElgenveCtOI’S 1| import numpy as np
. . . ) 2| from sklearn.datasets import
PCA Embed data by projecting it on eigenvectors. make_swiss_roll

3| from sklearn.metrics import

Manifolds Eigenvectors are the embedding. PefETice_Choremnens

41X, _ = make_swiss_roll(n_samples=1000)
5|/ C = np.cov(X.T)
H 6| D = pairwise_distances (X)
Applylng mOdel 7| print ("Data dimensions:")

) ) 8| print (X.shape [1])
PCA Project data on eigenvectors. 9| print ("Number of data points:")

Manifolds Data is the model. Find points close in data space and 10| print(X.shape[0]) .
11| print ("Covariance matrix size:")

interpolate in embedded space. 12| print (C.shape)
13| print ("Distance matrix size:")
14| print (D.shape)

Matrix size
PCA Covariance matrix size determines by dimensionality of 1| >> Data dimensions:
data 21 >> 3
: 3| >> Number of data points:
Manifolds Connection matrix size determined by number of data 4| >> 1000
int 5| >> Covariance matrix size:
points. ol 5> (5.
(Matrix size matters for computational resources! 7] >> Distance matrix size:
8| >> (1000, 1000)

100 000 data points — 100 000 x 100 000 matrix requires 40 GB!)
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Comparison: Problems

Isomap, Laplacian eigenmaps and LLE all need a parameter for k = number of
neighbors. Can lead to problems.

Manifold shortcuts Disjoint graph
Points that should not be connected The graph does not connect all points.
are connected. (Eigenvalue problem is ill posed.)

Solution: Decrease k. Solution: Increase k.
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Real world: Single cell analysis

DNA

RNA

Proteins

Biochemica

Biological
Phenotype

000000

Isomap Eigenmap
0000000

000000000

Genomics
Transcriptomics
Proteomics

Metabolomics

https://en.wikipedia.org/wiki/Metabolomics
https://en.wikipedia.org/wiki/CITE-Seq

LLE Comparison

Gene X/Protein X

Protein X
Protein Y ’ ot £ Y
Protein Z S )
Cell Cell cel L o *%' K
type 1 type 2 type 3 v

Real world tSNE UMAP Conclusion
00000 00000 0®00 00000000 0000000000 000
scRNA-Seq data analysis
byt r -mw
ATCGCCCAAT I e c JFi "
s Gene X 10 1000
Fastq files Gene Y 55 0.5
ADT data analysis
el barcode- ac ac
(@XYZ Antibody barcode | C Normalize Protein X 100 1000
CTCAAAAAA
— ProteinY 400 30
Fastq files
- Differential expression - tSNE -

Cell type 1
Cell type 2

PC1
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Comparison Real world tSNE UMAP
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LLE
00000
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Real world: Clustered data
Manifold learning used for visualization assumes data to be highly clustered, e.g

according to cell type.
Motivates specialized methods like tSNE and UMAP.

Laplacian eigenmap
tSNE

(Spectral embedding)

o

£on” .
°g

Isomap Locally linear embedding
k ‘
28
og o
Y

V4

°
wo ©°

Conclusion
000
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Real world: tSNE and UMAP

tSNE and UMAP are the two most
commonly used manifold learning
methods for visualizing data from cell
assays.

0.05

o
o
BN

Probabilistic interpretation of whether
points belong together in high and
low dimensional space.

0.03

~
8
°
£
o
©
o

Model error (e)

o
Q
[N)

Methods themselves are nonlinear,
can't be solved by eigen

decomposition. Must be solved by E—
optimization, e.g. gradient descent. Parameter 1 000

0.01

Follow the gradient arrows to find values for

parameters 1 and 2 that minimize the model error.
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tSNE: Overview

t-distributed stochastic neighborhood
embedding (tSNE).
Described by four equations:

1. Distance in high dimensional data
space.

2. Perplexity

3. Distance in low dimensional
embedding.

4. Cost function to minimize.

Real world tSNE UMAP
0000 O®000000 0000000000

lizing Data using t-SNE

Laurens vandor Maaten LVDMAATEN@GMAIL.COM

T ey
PO. Box 90153, 5000 LE Titburg, The Netherlands

Geoffrey Hinton HINTON@CS. TORONTO,EDU
Deparmment of Computer Science
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Abstract

fonal data by iving cach

Significantly b
of e ma. (SN sbeter than ing eoiqus o ceain s e o ot el v

e on several
iren, bt vt ov-imereton oo, s o s of ojos ol chvs
seen from multiple viewpoints. For visulizing the structure of very large data sets, we show how
+:SNE can use random ks on neighborhood graphs to allow the implict structure of allof the

ide varity of data sets and compare it with many other non-parametric visualization
iques,including Sammon mapping, Isomap, and Locally Linear Embedding. The visualiza-
tons produced by 1-SNE are significantly better than those produced by the other techniques on
almostall of the data sets.

Keywords: visualization, dimensionality reduction, manifold learning, embedding algorithms,
mulidimensional scaling

1. Introduction

Visualization of high-dimensional am is an important problem in many different domains, and
deals with data of widely varying dim ality.  Cell nuclei that are relevant to breast cancer,
for exampl

intensity v
typic

proxi riables (Street et al., 1993), whereas the pixel
sent images or the word-cou

thousands of dimensions. Over the last few . a variety of techniques for

the visualization of such high-dimensional data have been proposed, many of which are reviewed

by de Oliveira and Levkowitz (2003). Importan techniques include iconographic displays such as

leernv»"h\w~ (Chert, 1973, piersed tchriues (Keim. 2000, and chniqes e

ertices in o al, 1994). Most of these techniques

..mmy provide tools to mwm more than two data dimensions, and leave the interpretation of the

Conclusion
000
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tSNE: (1) High dimensional distances

Probability of observing distances between
points in high dimensional, data, space
assumed to be normally distributed.

The probability is normalized.

Joint probability is symmetrized such that
Pij = Pji-

Comparison Real world tSNE UMAP

0000 O0@00000 0000000000

Conditional probability:

—[Ixi—xl[?
exp 5
< 2(7/'

Pjli = “lIxi—xi| |2
2kt €XP (zﬁ)
Joint probability:

Pilj T Pjli
Pi= "N

Conclusion
000
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tSNE: (2) Perplexity

The perplexity is a value provided by the
user as method parameter that influences
the solution.

It is then used "in reverse" to solve for a
value of the standard deviations o; in
equation 1.

perplexity = 2 ZJ(PJ ilog,(pyii))

Computed from the entropy.
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tSNE: (3) Low dimensional distances

Probability of observing distances between
points in low dimensional, embedding,
space assumed to be t-distributed.

The probability is normalized. 1+ |lyi — y,H2)*1
i —Yi

1
iz (L4 lyi = yl?)

(This is actually a t-distribution with one Ui =

degree of freedom, also called Cauchy
distribution.)
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tSNE: (4) Cost function

The cost function is based on the
Kullback-Leibler divergence between the
probability distributions in high dimensional
data space, P, and in low dimensional
embedding, Q.

The embedding is optimized by minimizing
. Pij
the cost function. L(Pil| Qi) Z Z pij log ( )

This is done by calculating the gradient of
KL with respect to each embedding
position.

Minimized by gradient descent.
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tSNE: Example

LLE
00000

Comparison
00000

1| import numpy as np
2| import matplotlib.pyplot as plt
3| from sklearn.manifold import TSNE

5| # Ca
6|X, y = load_CAF()

7| X = np.log(X + 1)

8

9(# Instantiate and apply TSNE

0| tsne = TSNE(n_components=2, random_state=0)
1| X_tsne = tsne.fit_transform(X)

]

13| # Plot result

14| ax = plt.figure(figsize=(3,3)).gca()

15| ax.scatter (X_tsne[:,0],

16 X_tsnel[:,1],

17 marker=’o’,

8 c=y.astype(int),
19 edgecolor="k’,
20 )

21| ax.set_xlabel (’tSNE 1°)
22| ax.set_ylabel (’tSNE 27)

ncer associated fibroblast dataset and transform

tSNE 2

Real world
0000

tSNE
0O00000@0

UMAP
0000000000

Conclusion
000
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tSNE:

MDS Isomap Eigenmap LLE Comparison
000000 000000000 0000000 00000 00000
Problems

tSNE has some problems.

>

>

Does not scale well with number of
data points.

Does not preserve global structure.
Only inter-cluster distances are
meaningful. (intra?)

Works poorly directly on high
dimensional data. PCA used to
pre-process.

Requires a lot of memory.

Cost function is not convex. Random
initialization can give different results.

Real world
0000

tSNE
0000000®

UMAP
0000000000

Conclusion
000



UMAP



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion
000000000 000000 000000000 0000000 00000 00000 0000 00000000 O®00000000 000

UMAP: Overview

UMAP: Uniform Manifold
Approximation and Projection for

Uniform manifold approximation and Dimension Reduction
projection (UMAP). D

Tutte Institute for Mathematics and Computing
leland mcinnes@gmail.com

Alternative to tSNE that often performs
better on real data.
Similarly described by four equations:

John Healy
Tutte Institute for Mathematics and Computing
jchealy@gmail.com

James Melville
jlmelville@gmail.com

[stat.ML] 18 Sep 2020

September 21, 2020

6v3

1. Distance in high dimensional data
space.

342

k-nearest neighbors

Distance in low dimensional
embedding. 1 Introduction

L
‘mental

oth

4. Cost function to minimize.
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UMAP: (1) High dimensional distances

Probability of observing distances, d(),
between points in high dimensional, data,
space assumed to be exponentially
decaying.

The probability is not normalized.

Joint probability is symmetrized, but
differently to tSNE.

0000 00000000 O0@0000000

Conditional probability:

dX,',X' — Vi
pj|f—e><p(—( ) p)

Joint probability:

Pij = Pilj T Pjli = PiliPjli

Conclusion
000
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UMAP: (2) k-nearest neighbors

Conclusion
0000 00000000 O00@000000 000

The k nearest neighbors is a value provided
by the user as method parameter that
influences the solution.

It is then used "in reverse" to solve for a
values of ¢; and p; in equation 1.
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UMAP: (3) Low dimensional distances

Probability of observing distances between points in low dimensional, embedding,
space is also similar to the one used in tSNE.

The parameters a and b are found by fitting the function for gj;.
-1
gji = (1 +a(yi — )/j)%)

:{1 if(yi — ;) < n
exp(—(yi —yj)) —p else

Conclusion
000
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UMAP: (4) Cost function

The cost function is based on the binary cross entropy (BCE) between the probability
distributions in high dimensional data space, P, and in low dimensional embedding, Q.

The embedding is optimized by minimizing the cost function.
This is done by calculating the gradient of KL with respect to each embedding position.
Minimized by gradient descent.

BCE(P, Q) = ZZ(pulog<pJ>+(1 pu)|og<1 p”))

9i

(Same cost function as in logistic regression. Can interpret it as probability of two data
points belonging together.)
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UMAP: Method compared with tSNE
Both methods are based on four similar steps.
tSNE UMAP
[l 511 e [ C09) — i
exp (TZ/> Pj|i = exp o
Pili = '
— =11
ki P ( 20’_2] > k = 22:‘ Pij
ooy L -1
perplexity = 2 Z/ <pj i o8 (e '>) qji = (1 +alyi — yj)Zb)
—1 1 iflyi—y) < n
(1+Hy;*YjH2) q:{ e
i = exp(—(yi —y)) —m else

—1
. — w12
> (11— y1e)
KL(P,-HQ;):E E p,lg(%)
ij
i J

BCE(P, Q) = E E (p,-jlog (%) +(1 = py)log (1_7
ij
P

Conclusion

[e]e]e}

Pij
1—gqj

)
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UMAP: And tSNE method overview

Both UMAP and tSNE are based on the same principle.

1) Construct high-dimensional graph

(Source: Nikolay Oskolkov)
https://nikolay-oskolkov.medium.com/is-umap-accurate-fadib3f14fb5
https://archive.is/4t0yA

tSNE
00000000

3) Collapse the graphs together

Kullback-Leibler divergence

UMAP
0000000800

Conclusion
000
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UMAP: Example

Comparison
00000

import numpy as np

1

2| import matplotlib.pyplot as plt

3| from umap import UMAP

4

5(# Cancer associated fibroblast dataset and transform
6|X, y = load_CAF()

7| X = np.log(X + 1)

8

9 # Instantiate and apply UMAP

10| umap = UMAP(n_components=2, random_state=0)

11| X_umap = umap.fit_transform(X)

13| # Plot result

14| ax = plt.figure(figsize=(3,3)).gca()
15| ax.scatter (X_umap[:,0],

16 X_umap[:,1],

17 marker=’o’,

18 c=y.astype(int),

19 edgecolor="k’,

20 )

21| ax.set_xlabel (’UMAP 1°)
22| ax.set_ylabel (’UMAP 27)

UMAP 2

tSNE
00000000

Real world
0000

UMAP
0000000080

Conclusion
000

‘

UMAP 1
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UMAP: Results compared with tSNE

tSNE 2

UMAP 2

Real world
0000

tSNE
00000000

UMAP

tSNE 2

LM Perplexity:}270
tSNE 1

tSNE 2

(4]
[e] NE|ghbors:2¢

UMAP 1

UMAP 2

UMAP 2

Neigﬁbors:ZO
UMAP 1

O00000000e

Conclusion
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Conclusion: Distorted or exaggerated relationships in the data

tSNE and UMAP can create or exaggerate
clusters in the data.

Occasionally PCA might be a better choice

because it preserves the fact that data points can

have an interpretable position between clusters.

Biologists, stop putting UMAP

plots in your papers

UMAP is a powerful tool for exploratory data analysis, but without a clear

understanding of how it works, it can easily lead to confusion and misinterpretation.

aumor

Rafael rizarry

suBLsHED

Dec. 23,2024
https://nikolay-oskolkov
https://archive.is/4t0yA

.medium.com/is-umap-accurate-fad1b3f14fb5

MATHEMATICAL STATISTICS AND MACHINE LEARNING FOR LIFE SCIENCES

Is UMAP accurate?

Addressing some fair and unfair criticism

2

Nikolay Oskolkov - Subscribe
Feb 22,2025

20 min read

m

o oo e
e lack or African American @ More than one population
w e S

e

UMAP n single cell biology vs. UMAP in population genomics. Image by author

https://simplystatistics.org/posts/2024-12-23-biologists-stop-including-umap-plots-in-your-papers/
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Conclusion: Example

Methods for non-linear dimensionality
reduction in two families.

sklearn.manifold

Isomap and LLE can be used when PCA
seemingly fails.

1 for further details

Single cell data often visualized using tSNE or TP
UMAP. N :

r dimensionality reduction.

M D S . r Embedding
oca near e g near Embedding anal
Isomap - T ——
) Spectral methods agorim
Eigenmap sctral absdiing | Pactthesamplon e s fth rah

t-SNE
UMAP

Optimization https://scikit-learn.org/stable/api/sklearn.manifold.html

https://umap-learn.readthedocs.io/en/latest/
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