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Introduction: Problem

Dimensionality reduction with PCA is achieved by projecting data points on the first
PC vectors.

This embeds the data in the PCA coordinate system.

PCA is a linear method.

PC 1 PC 1

PC 1 (93.6%)
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Introduction: Data with nonlinear shape

Data points can be organized in non-linear ways.

The underlying shape or embedding created by the data points can be curved or
folded.

Original 2D data. Linear 3D
embedding.

Nonlinear 3D
embedding.
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Introduction: PCA fails on non-linear data

PCA can only model linearly
embedded data.

This means that the data has to
be lying on a flat plane.
(But the plane can have more
dimensions than two.)

It will fail to represent non-linear
data.
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Introduction: Manifolds in physics
In physics and mathematics a
manifold defines a topological space
embedded in a higher dimension.

A 2D manifold is simply a surface.

Can be flat (linear) or curved and
folded (non-linear).

A crumbled paper is a 2D manifold in 3D space.
Gravity bends space.
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Introduction: Locally flat

A manifold will look flat where you stand.

Manifold learning attempts to find this flat embedding.

Unfolding
3D surface
of earth on
2D plane

→

The earth is not flat. But to us on the surface it looks like it.
The unfolding distorts the surface, making the poles look much larger than they really
are.



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion

Introduction: Manifold analysis of biomedical data

Visualization of very high dimensional data, e.g. transcriptomics, proteomics etc.

Image analysis and modeling, e.g. respiratory motion.

https://doi.org/10.1038/s41467-019-13056-x

https://doi.org/10.1016/j.media.2016.06.005

https://doi.org/10.1038/s41467-019-13056-x
https://doi.org/10.1016/j.media.2016.06.005
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Introduction: Manifold learning methods

Find mapping such that points close in original
data are close after mapping. (Locally flat.)

Will look at several methods that can be
divided into two families.

MDS
Isomap
Eigenmap
LLE

 Spectral methods

t-SNE
UMAP

}
Optimization (Gradient descent)

https://scikit-learn.org/stable/api/sklearn.manifold.html

https://umap-learn.readthedocs.io/en/latest/

https://scikit-learn.org/stable/api/sklearn.manifold.html
https://umap-learn.readthedocs.io/en/latest/
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Introduction: Toy datasets
First set of methods illustrated using
toy data.

Hello (Flat)
Should recover the 2D letters in Hello.

Hello (S-shaped)
Should recover the 2D letters in Hello.

Spiral
Should recover the 1D line going from
blue to red.

Swiss roll
Should recover the 2D sheet going
from blue to red.

"Hello"
Linear 2D embedded in 3D. Spiral

Curved 1D embedded in 2D.

S-shaped "Hello"
Curved 2D embedded in 3D.

"Swiss roll"
Curved 2D embedded in 3D.
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Multidimensional scaling (MDS)

Multidimensional scaling (MDS)
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Multidimensional scaling (MDS): Distance matrix

Finds a manifold embedding while minimizing a strain between data points.

Fully connected distance matrix.
Every point is connected to all other points.

Data points
(100 points) Dense connections

Distance matrix
(100x100 matrix)
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Multidimensional scaling (MDS): Eigenvalue problem

1. Distance matrix D
2. Double center the D.

B = −1
2CDC , C = I − 1

N J

3. Decompose into eigenvectors V and
eigenvalues e

4. Embedding Y in first M dimensions is
defined by

Y = {
√

e1V1, · · · ,
√eMVM}

1 def fit_transform (
2 self ,
3 X: np.ndarray ,
4 ) -> None:
5 # Pairwise distance between all points
6 D = sklearn . metrics . pairwise_distances (X)
7 D2 = np.pow(D, 2)
8
9 # Apply double centering

10 N = D. shape [0]
11 J = np.ones(D.shape , dtype =np. float64 )
12 I = np.eye(N, dtype =np. float64 )
13 C = I - (1.0/ N) * J
14 B = -0.5 * C @ D2 @ C
15
16 # Eigendecomposition
17 e, V = np. linalg .eigh(B)
18 e = np.flip(e)
19 V = np.flip(V, axis =1)
20 V = V[:, 0: self. _n_dimensions ]
21 e = e[0: self. _n_dimensions ]
22 e = np.sqrt(e)
23
24 # Calculate low dimension embedding Y
25 Y = np. zeros (V.shape , dtype =np. float64 )
26 for i in range (self. _n_dimensions ):
27 Y[:,i] = e[i] * V[:,i]
28 return Y



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion

Multidimensional scaling (MDS): Example (linear)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import MDS
5 # Create data and project into 3D
6 N = 1000
7 X, y = make_hello ( n_samples =N, rseed =0)
8 colorize = dict(c=X[: ,0] ,
9 cmap=plt. get_cmap (’rainbow ’, 5))

10 X = random_projection_to_higher_dimension (X, 3,
rseed =0)

11 # Fit MDS , transform from 3D to 2D
12 mds = MDS( n_components =2)
13 X_mds = mds. fit_transform (X)
14 # Plot
15 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
16 gs = gridspec . GridSpec ( nrows =2, ncols =1,
17 height_ratios =[1.5 , 1])
18 # First subplot
19 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
20 ax1 = fig. add_subplot (gs [1])
21 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
22 marker =’o’, ** colorize )
23 ax1. scatter ( X_mds [: ,0] , X_mds [: ,1] ,
24 marker =’o’, ** colorize )
25 #plt.show ()
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Multidimensional scaling (MDS): Example (S-shape)

Because MDS preserves all distances it
can’t untangle non-linear data.

Similarly to PCA it is limited to linear data
which it can recover, disregarding
orientation.
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Multidimensional scaling (MDS): Example (roll)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import MDS
5 from sklearn . datasets import make_swiss_roll
6 # Create data and project into 3D
7 N = 2000
8 X, y = make_swiss_roll ( n_samples =N,
9 noise =0.1 ,

10 random_state =0)
11 colorize = dict(c=y,
12 cmap=plt. get_cmap (’turbo ’))
13 # Fit MDS , transform from 3D to 2D
14 mds = MDS( n_components =2)
15 X_mds = mds. fit_transform (X)
16 # Plot
17 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
18 gs = gridspec . GridSpec ( nrows =2, ncols =1,
19 height_ratios =[1.5 , 1])
20 # First subplot
21 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
22 ax1 = fig. add_subplot (gs [1])
23 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
24 marker =’o’, ** colorize )
25 ax1. scatter ( X_mds [: ,0] , X_mds [: ,1] ,
26 marker =’o’, ** colorize )
27 #plt.show ()



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion

Isomap

Isomap
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Isomap: Nearest neighbor distance matrix
Finds a manifold embedding while minimizing a strain between data points same as
for MDS.

Only connect points to their nearest neighbors.

We want the manifold to preserve local structure!
Data points
(100 points)

Connect to k=10
 nearest neighbors

Distance matrix
(100x100 matrix)
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Isomap: Geodesic distance

Distances between non-connected
points are now computed by finding
their shortest pairwise distances on the
graph.

This approximates their geodesic
distance.

A geodesic is the shortest path in a
curved space, i.e. on a manifold.

https://brickisland.net/ddg-web/

https://brickisland.net/ddg-web/
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Isomap: Geodesic matrix

The zeros in the distance matrix, D are filled in by traversing the connections to find
the geodesic distances and create geodesic matrix G . (Floyd-Warshall algorithm)

1

2

3

4
5

6

1 # For the zero entries in the distance matrix ,
2 # compute estimates of the geodesic distances
3 # between pairs of points by computing
4 # distances on the graph with weights
5 # according to the Euclidean distances .
6 G = scipy . sparse . csgraph . floyd_warshall (D)
7 G2 = np. power (G, 2)
8 G2 = np. maximum (G2 , G2.T)

D =


0.0 0.6 0.7 0.0 0.0 0.0
0.6 0.0 0.4 0.0 0.0 0.0
0.7 0.4 0.0 0.6 0.0 0.0
0.0 0.0 0.6 0.0 0.5 0.7
0.0 0.0 0.0 0.5 0.0 0.5
0.0 0.0 0.0 0.7 0.5 0.0



G2 =


0.0 0.4 0.5 1.8 3.5 4.3
0.4 0.0 0.2 1.2 2.5 3.2
0.5 0.2 0.0 0.4 1.3 1.8
1.8 1.2 0.4 0.0 0.3 0.5
3.5 2.5 1.3 0.3 0.0 0.3
4.3 3.2 1.8 0.5 0.3 0.0


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Isomap: Geodesic matrix vs MDS distance matrix

MDS:

Data points
(100 points) Dense connections

Distance matrix
(100x100 matrix)

Isomap:

Data points
(100 points)

Connect to k=10
 nearest neighbors

Geodesic distance matrix
(100x100 matrix)
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Isomap: Eigenvalue problem

1. Sparse distance matrix D
2. Squared geodesic matrix G2

3. Double center the G2.

B = −1
2CG2C , C = I − 1

N J

4. Decompose into eigenvectors V and
eigenvalues e

5. Embedding Y in first M dimensions is
defined by

Y = {
√

e1V1, · · · ,
√eMVM}

Same eigenvalue problem as for MDS
but swap D for G2!
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Isomap: Example (linear)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import Isomap
5 # Create data and project into 3D
6 N = 1000
7 X, y = make_hello ( n_samples =N, rseed =0)
8 colorize = dict(c=X[: ,0] ,
9 cmap=plt. get_cmap (’rainbow ’, 5))

10 X = random_projection_to_higher_dimension (X, 3,
rseed =0)

11 # Fit Isomap , transform from 3D to 2D
12 iso = Isomap ( n_components =2,
13 n_neighbors =75 ,
14 eigen_solver =’dense ’)
15 X_iso = iso. fit_transform (X)
16 # Plot
17 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
18 gs = gridspec . GridSpec ( nrows =2, ncols =1,
19 height_ratios =[1.5 , 1])
20 # First subplot
21 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
22 ax1 = fig. add_subplot (gs [1])
23 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
24 marker =’o’, ** colorize )
25 ax1. scatter ( X_iso [: ,0] , X_iso [: ,1] ,
26 marker =’o’, ** colorize )
27 #plt.show ()
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Isomap: Example (S-shape)

Because Isomap preserves local distances
non-linear data can be untangled!
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Isomap: Example (roll)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import Isomap
5 from sklearn . datasets import make_swiss_roll
6 # Create data and project into 3D
7 N = 2000
8 X, y = make_swiss_roll ( n_samples =N,
9 noise =0.1 ,

10 random_state =0)
11 colorize = dict(c=y,
12 cmap=plt. get_cmap (’turbo ’))
13 # Fit Isomap , transform from 3D to 2D
14 iso = Isomap ( n_components =2,
15 n_neighbors =10 ,
16 eigen_solver =’dense ’)
17 X_iso = iso. fit_transform (X)
18 # Plot
19 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
20 gs = gridspec . GridSpec ( nrows =2, ncols =1,
21 height_ratios =[1.5 , 1])
22 # First subplot
23 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
24 ax1 = fig. add_subplot (gs [1])
25 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
26 marker =’o’, ** colorize )
27 ax1. scatter ( X_iso [: ,0] , X_iso [: ,1] ,
28 marker =’o’, ** colorize )
29 #plt.show ()
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Laplacian eigenmap

Laplacian eigenmap
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Laplacian eigenmap: Nearest neighbor adjacency matrix

Only connect points to their neighbors.
Discard distance, keep only
connections.

{
1 : Points are connected
0 : Points are not connected

Data points
(100 points)

Connect to k=10
 nearest neighbors

Adjacency matrix
(100x100 matrix)
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Laplacian eigenmap: Adjacency matrix
Connect the k=2 nearest points.

1

2

3

4
5

6

1 N = X. shape [0]
2 A0 = np. zeros ((N, N), dtype =np. float64 )
3 for i in range (N):
4 x_i = X[i, :]
5 distances = np. linalg .norm(X - x_i , axis

=1)
6 indices = np. argsort ( distances )
7 indices = indices [1:k + 1]
8 A0[i, indices ] = 1
9 # Symmetrize the matrix

10 A = np. maximum (A0 , A0.T)

D =


0.0 0.6 0.7 1.3 1.7 2.0
0.6 0.0 0.4 0.7 1.0 1.4
0.7 0.4 0.0 0.6 1.1 1.3
1.3 0.7 0.6 0.0 0.5 0.7
1.7 1.0 1.1 0.5 0.0 0.5
2.0 1.4 1.3 0.7 0.5 0.0



A0 =


0 1 1 0 0 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
0 0 0 1 1 0



A =


0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
0 0 1 0 1 1
0 0 0 1 0 1
0 0 0 1 1 0


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Laplacian eigenmap: Degree matrix

Degree matrix H describes how many connections a data point have. The matrix is
diagonal.

1

2

3

4
5

6

A =


0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
0 0 1 0 1 1
0 0 0 1 0 1
0 0 0 1 1 0

 H =


2 0 0 0 0 0
0 2 0 0 0 0
0 0 3 0 0 0
0 0 0 3 0 0
0 0 0 0 2 0
0 0 0 0 0 2


Graph Laplacian operator is defines as L = H − A.
Normalized graph Laplacian for this eigenvalue problem defined as
L = H− 1

2 (H − A)H− 1
2
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Laplacian eigenmap: Eigenvalue problem

1. Distance matrix D
2. Degree matrix H.
3. Normalized graph Laplacian

L = H− 1
2 (H − A)H− 1

2

4. Decompose into eigenvectors V and
eigenvalues e

5. Ignore the first eigenvector since
eigenvalue is always 0. Embedding Y
in first M dimensions is defined by

Y = {
√

e2V2, · · · ,
√eM+1VM+1}
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Laplacian eigenmap: Example (linear)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import SpectralEmbedding
5 # Create data and project into 3D
6 N = 1000
7 X, y = make_hello ( n_samples =N, rseed =0)
8 colorize = dict(c=X[: ,0] ,
9 cmap=plt. get_cmap (’rainbow ’, 5))

10 X = random_projection_to_higher_dimension (X, 3,
rseed =0)

11 # Fit Isomap , transform from 3D to 2D
12 lap = SpectralEmbedding ( n_components =2,
13 n_neighbors =75)
14 X_lap = lap. fit_transform (X)
15 # Plot
16 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
17 gs = gridspec . GridSpec ( nrows =2, ncols =1,
18 height_ratios =[1.5 , 1])
19 # First subplot
20 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
21 ax1 = fig. add_subplot (gs [1])
22 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
23 marker =’o’, ** colorize )
24 ax1. scatter ( X_lap [: ,0] , X_lap [: ,1] ,
25 marker =’o’, ** colorize )
26 #plt.show ()
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Laplacian eigenmap: Example (roll)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import SpectralEmbedding
5 from sklearn . datasets import make_swiss_roll
6 # Create data and project into 3D
7 N = 2000
8 X, y = make_swiss_roll ( n_samples =N,
9 noise =0.1 ,

10 random_state =0)
11 colorize = dict(c=y,
12 cmap=plt. get_cmap (’turbo ’))
13 # Fit Spec., transform from 3D to 2D
14 lap = SpectralEmbedding ( n_components =2,
15 n_neighbors =40)
16 X_lap = lap. fit_transform (X)
17 # Plot
18 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
19 gs = gridspec . GridSpec ( nrows =2, ncols =1,
20 height_ratios =[1.5 , 1])
21 # First subplot
22 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
23 ax1 = fig. add_subplot (gs [1])
24 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
25 marker =’o’, ** colorize )
26 ax1. scatter ( X_lap [: ,0] , X_lap [: ,1] ,
27 marker =’o’, ** colorize )
28 #plt.show ()
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Locally linear embedding (LLE)

Locally linear embedding (LLE)
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Locally linear embedding (LLE): Eigenvalue problem

Optimize a weight matrix W that
reconstructs a data point from a weighted
sum of its neighbors.

1. Weight matrix W
2. Reconstruction matrix

K = (I − W )⊺(I − W )
3. Decompose into eigenvectors V and

eigenvalues e
4. Embedding Y in first M dimensions is

defined by

Y = {
√

e1V1, · · · ,
√eMVM}
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Locally linear embedding (LLE): Example (linear)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import LocallyLinearEmbedding
5 # Create data and project into 3D
6 N = 1000
7 X, y = make_hello ( n_samples =N, rseed =0)
8 colorize = dict(c=X[: ,0] ,
9 cmap=plt. get_cmap (’rainbow ’, 5))

10 X = random_projection_to_higher_dimension (X, 3,
rseed =0)

11 # Fit LLE , transform from 3D to 2D
12 lle = LocallyLinearEmbedding ( n_components =2,
13 n_neighbors =75 ,
14 method =’modified ’)
15 X_lle = lle. fit_transform (X)
16 # Plot
17 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
18 gs = gridspec . GridSpec ( nrows =2, ncols =1,
19 height_ratios =[1.5 , 1])
20 # First subplot
21 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
22 ax1 = fig. add_subplot (gs [1])
23 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
24 marker =’o’, ** colorize )
25 ax1. scatter ( X_lle [: ,0] , X_lle [: ,1] ,
26 marker =’o’, ** colorize )
27 #plt.show ()
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Locally linear embedding (LLE): Example (S-shape)

Because LLE preserves local distances
non-linear data can be untangled!
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Locally linear embedding (LLE): Example (roll)
1 import numpy as np
2 import matplotlib . pyplot as plt
3 from matplotlib import gridspec
4 from sklearn . manifold import LocallyLinearEmbedding
5 from sklearn . datasets import make_swiss_roll
6 # Create data and project into 3D
7 N = 2000
8 X, y = make_swiss_roll ( n_samples =N,
9 noise =0.1 ,

10 random_state =0)
11 colorize = dict(c=y,
12 cmap=plt. get_cmap (’turbo ’))
13 # Fit Spec., transform from 3D to 2D
14 lle = LocallyLinearEmbedding ( n_components =2,
15 n_neighbors =10 ,
16 method =’modified ’)
17 X_lle = lle. fit_transform (X)
18 # Plot
19 fig = plt. figure ( figsize =1.0 * plt. figaspect

(2.0/1.0) )
20 gs = gridspec . GridSpec ( nrows =2, ncols =1,
21 height_ratios =[1.5 , 1])
22 # First subplot
23 ax0 = fig. add_subplot (gs [0] , projection =’3d’)
24 ax1 = fig. add_subplot (gs [1])
25 ax0. scatter (X[: ,0] , X[: ,1] , X[: ,2] ,
26 marker =’o’, ** colorize )
27 ax1. scatter ( X_lle [: ,0] , X_lle [: ,1] ,
28 marker =’o’, ** colorize )
29 #plt.show ()
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Comparison

Comparison
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Comparison: Eigenvalue problems

All methods so far have been based on eigen decomposition of some connection
matrix.

Methods are linear but the embeddings are non-linear.

MDS
B = −1

2CDC

Isomap
B = −1

2CG2C

Laplacian eigenmap
L = H

−1
2 (H − A)H

−1
2

Locally linear embedding
K = (I − W )⊺(I − W )
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Comparison: Results
Data PCA MDS Isomap Laplacian eigenmap LLE
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Comparison: Manifold learning vs PCA
Eigenvectors
PCA Embed data by projecting it on eigenvectors.
Manifolds Eigenvectors are the embedding.

Applying model
PCA Project data on eigenvectors.
Manifolds Data is the model. Find points close in data space and

interpolate in embedded space.

Matrix size
PCA Covariance matrix size determines by dimensionality of

data.
Manifolds Connection matrix size determined by number of data

points.
(Matrix size matters for computational resources!
100 000 data points → 100 000 × 100 000 matrix requires 40 GB!)

1 import numpy as np
2 from sklearn . datasets import

make_swiss_roll
3 from sklearn . metrics import

pairwise_distances
4 X, _ = make_swiss_roll ( n_samples =1000)
5 C = np.cov(X.T)
6 D = pairwise_distances (X)
7 print ("Data dimensions :")
8 print (X. shape [1])
9 print (" Number of data points :")

10 print (X. shape [0])
11 print (" Covariance matrix size:")
12 print (C. shape )
13 print (" Distance matrix size:")
14 print (D. shape )

1 >> Data dimensions :
2 >> 3
3 >> Number of data points :
4 >> 1000
5 >> Covariance matrix size:
6 >> (3, 3)
7 >> Distance matrix size:
8 >> (1000 , 1000)
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Comparison: Problems

Isomap, Laplacian eigenmaps and LLE all need a parameter for k = number of
neighbors. Can lead to problems.

Manifold shortcuts
Points that should not be connected
are connected.

Solution: Decrease k.

Disjoint graph
The graph does not connect all points.
(Eigenvalue problem is ill posed.)

Solution: Increase k.
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Real world

Real world
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Real world: Single cell analysis

https://en.wikipedia.org/wiki/Metabolomics
https://en.wikipedia.org/wiki/CITE-Seq

https://en.wikipedia.org/wiki/Metabolomics
https://en.wikipedia.org/wiki/CITE-Seq
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Real world: Clustered data

Manifold learning used for visualization assumes data to be highly clustered, e.g.
according to cell type.

Motivates specialized methods like tSNE and UMAP.
PCA MDS

Laplacian eigenmap
(Spectral embedding) tSNE

Isomap Locally linear embedding UMAP
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Real world: tSNE and UMAP

tSNE and UMAP are the two most
commonly used manifold learning
methods for visualizing data from cell
assays.

Probabilistic interpretation of whether
points belong together in high and
low dimensional space.

Methods themselves are nonlinear,
can’t be solved by eigen
decomposition. Must be solved by
optimization, e.g. gradient descent. Parameter 1

Pa
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2
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0.01
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M
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1Follow the gradient arrows to find values for
parameters 1 and 2 that minimize the model error.
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tSNE

tSNE
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tSNE: Overview

t-distributed stochastic neighborhood
embedding (tSNE).

Described by four equations:
1. Distance in high dimensional data

space.
2. Perplexity
3. Distance in low dimensional

embedding.
4. Cost function to minimize.
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tSNE: (1) High dimensional distances

Probability of observing distances between
points in high dimensional, data, space
assumed to be normally distributed.
The probability is normalized.

Joint probability is symmetrized such that
pij = pji .

Conditional probability:

pj|i =
exp

(
−||xi −xj ||2

2σ2
i

)
∑

k ̸=i exp
(

−||xi −xj ||2
2σ2

i

)
Joint probability:

pij =
pi |j + pj|i

2N
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tSNE: (2) Perplexity

The perplexity is a value provided by the
user as method parameter that influences
the solution.

It is then used "in reverse" to solve for a
value of the standard deviations σi in
equation 1.

Computed from the entropy. perplexity = 2−
∑

j(pj|i log2(pj|i ))
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tSNE: (3) Low dimensional distances

Probability of observing distances between
points in low dimensional, embedding,
space assumed to be t-distributed.
The probability is normalized.

(This is actually a t-distribution with one
degree of freedom, also called Cauchy
distribution.)

qji =
(
1 + ||yi − yj ||2

)−1∑
i ̸=j (1 + ||yi − yj ||2)−1
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tSNE: (4) Cost function

The cost function is based on the
Kullback-Leibler divergence between the
probability distributions in high dimensional
data space, P, and in low dimensional
embedding, Q.

The embedding is optimized by minimizing
the cost function.

This is done by calculating the gradient of
KL with respect to each embedding
position.

Minimized by gradient descent.

KL(Pi ||Qi) =
∑

i

∑
j

pij log
(

pij
qij

)
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tSNE: Example

1 import numpy as np
2 import matplotlib . pyplot as plt
3 from sklearn . manifold import TSNE
4
5 # Cancer associated fibroblast dataset and transform
6 X, y = load_CAF ()
7 X = np.log(X + 1)
8
9 # Instantiate and apply TSNE

10 tsne = TSNE( n_components =2, random_state =0)
11 X_tsne = tsne. fit_transform (X)
12
13 # Plot result
14 ax = plt. figure ( figsize =(3 ,3)).gca ()
15 ax. scatter ( X_tsne [: ,0] ,
16 X_tsne [: ,1] ,
17 marker =’o’,
18 c=y. astype (int),
19 edgecolor =’k’,
20 )
21 ax. set_xlabel (’tSNE 1’)
22 ax. set_ylabel (’tSNE 2’)

tSNE 1

tS
NE

 2



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion

tSNE: Problems

tSNE has some problems.
▶ Does not scale well with number of

data points.
▶ Does not preserve global structure.

Only inter-cluster distances are
meaningful. (intra?)

▶ Works poorly directly on high
dimensional data. PCA used to
pre-process.

▶ Requires a lot of memory.
▶ Cost function is not convex. Random

initialization can give different results.
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UMAP

UMAP
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UMAP: Overview

Uniform manifold approximation and
projection (UMAP).

Alternative to tSNE that often performs
better on real data.
Similarly described by four equations:

1. Distance in high dimensional data
space.

2. k-nearest neighbors
3. Distance in low dimensional

embedding.
4. Cost function to minimize.
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UMAP: (1) High dimensional distances

Probability of observing distances, d(),
between points in high dimensional, data,
space assumed to be exponentially
decaying.
The probability is not normalized.

Joint probability is symmetrized, but
differently to tSNE.

Conditional probability:

pj|i = exp
(

−d(xi , xj) − ρi
σi

)
Joint probability:

pij = pi |j + pj|i − pi |jpj|i
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UMAP: (2) k-nearest neighbors

The k nearest neighbors is a value provided
by the user as method parameter that
influences the solution.

It is then used "in reverse" to solve for a
values of σi and ρi in equation 1.

k = 2
∑

i pij
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UMAP: (3) Low dimensional distances

Probability of observing distances between points in low dimensional, embedding,
space is also similar to the one used in tSNE.

The parameters a and b are found by fitting the function for qij .

qji =
(
1 + a(yi − yj)2b

)−1

q =
{

1 if(yi − yj) ≤ µ

exp (−(yi − yj)) − µ else
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UMAP: (4) Cost function

The cost function is based on the binary cross entropy (BCE) between the probability
distributions in high dimensional data space, P, and in low dimensional embedding, Q.

The embedding is optimized by minimizing the cost function.

This is done by calculating the gradient of KL with respect to each embedding position.

Minimized by gradient descent.

BCE(P, Q) =
∑

i

∑
j

(
pij log

(
pij
qij

)
+ (1 − pij) log

(
1 − pij
1 − qij

))

(Same cost function as in logistic regression. Can interpret it as probability of two data
points belonging together.)
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UMAP: Method compared with tSNE

Both methods are based on four similar steps.

tSNE

pj|i =
exp
(

−||xi −xj ||2

2σ2
i

)
∑

k ̸=i
exp
(

−||xi −xj ||2

2σ2
i

)
perplexity = 2

−
∑

j

(
pj|i log2(pj|i )

)
qji =

(
1 + ||yi − yj ||2

)−1∑
i ̸=j

(
1 + ||yi − yj ||2

)−1

KL(Pi ||Qi ) =
∑

i

∑
j

pij log
(

pij

qij

)

UMAP
pj|i = exp

(
−

d(xi , xj ) − ρi

σi

)
k = 2

∑
i

pij

qji =
(

1 + a(yi − yj )
2b
)−1

q =
{

1 if(yi − yj ) ≤ µ

exp (−(yi − yj )) − µ else

BCE(P, Q) =
∑

i

∑
j

(
pij log

(
pij

qij

)
+ (1 − pij ) log

(
1 − pij

1 − qij

))
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UMAP: And tSNE method overview

Both UMAP and tSNE are based on the same principle.

(Source: Nikolay Oskolkov)
https://nikolay-oskolkov.medium.com/is-umap-accurate-fad1b3f14fb5
https://archive.is/4tOyA

https://nikolay-oskolkov.medium.com/is-umap-accurate-fad1b3f14fb5
https://archive.is/4tOyA
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UMAP: Example

1 import numpy as np
2 import matplotlib . pyplot as plt
3 from umap import UMAP
4
5 # Cancer associated fibroblast dataset and transform
6 X, y = load_CAF ()
7 X = np.log(X + 1)
8
9 # Instantiate and apply UMAP

10 umap = UMAP( n_components =2, random_state =0)
11 X_umap = umap. fit_transform (X)
12
13 # Plot result
14 ax = plt. figure ( figsize =(3 ,3)).gca ()
15 ax. scatter ( X_umap [: ,0] ,
16 X_umap [: ,1] ,
17 marker =’o’,
18 c=y. astype (int),
19 edgecolor =’k’,
20 )
21 ax. set_xlabel (’UMAP 1’)
22 ax. set_ylabel (’UMAP 2’)

UMAP 1

UM
AP

 2



Introduction MDS Isomap Eigenmap LLE Comparison Real world tSNE UMAP Conclusion

UMAP: Results compared with tSNE

tSNE 1

tS
NE

 2

tSNE 1

tS
NE

 2

tSNE 1

tS
NE

 2

UMAP 1

UM
AP

 2

UMAP 1

UM
AP

 2

UMAP 1

UM
AP

 2
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Conclusion

Conclusion
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Conclusion: Distorted or exaggerated relationships in the data

tSNE and UMAP can create or exaggerate
clusters in the data.
Occasionally PCA might be a better choice
because it preserves the fact that data points can
have an interpretable position between clusters.

https://nikolay-oskolkov.medium.com/is-umap-accurate-fad1b3f14fb5
https://archive.is/4tOyA
https://simplystatistics.org/posts/2024-12-23-biologists-stop-including-umap-plots-in-your-papers/

https://nikolay-oskolkov.medium.com/is-umap-accurate-fad1b3f14fb5
https://archive.is/4tOyA
https://simplystatistics.org/posts/2024-12-23-biologists-stop-including-umap-plots-in-your-papers/
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Conclusion: Example
Methods for non-linear dimensionality
reduction in two families.

Isomap and LLE can be used when PCA
seemingly fails.

Single cell data often visualized using tSNE or
UMAP.

MDS
Isomap
Eigenmap
LLE

 Spectral methods

t-SNE
UMAP

}
Optimization https://scikit-learn.org/stable/api/sklearn.manifold.html

https://umap-learn.readthedocs.io/en/latest/

https://scikit-learn.org/stable/api/sklearn.manifold.html
https://umap-learn.readthedocs.io/en/latest/
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